
 
Primarydecomposition

Now we state the more general version of primary decomp

theorem let R be Noetherian M a fg R module

Any proper submodule M C M is the intersection of

finitely many primary sub modules

µ Mi

where Mi is Pi primary for prime ideals P Pn
Moreover

a Every associated prime of Mlm occurs among the Pi

b If the intersection is irredundant i.e ho Mi can be
dropped then the Pi are precisely the associated

primes of MIM

c If the intersection is minimal i e no intersection

w fewer terms exists then each associated prime
ot Mmi is equal to Pi for exactly one i

First we generalize the notion of irreducibility to
modules

Def A submodule NEM is irreducible if N is not

the intersection of two strictly larger submodules



If R is Noeth and M f g we can express M as

the intersection of finitely many irreducible
submodules by ACC otherwise we have an

infinite ascending chain of modules by removing one
at a time called an irreduciposion

Proofotthern let M A Mi be an irreducible

decomposition of M

Suppose some Mi is nowt primary and let P Q be

two distinct associated primes at Mmi Then

Pyp and inject into Mlm
The annihilator of every element of Mlp is P and

of is Q so their images in Mlm intersect in
0 Thus 0 is reducible so taking preimages
of the two submodules in M their intersection
is Mi which is thus reducible

Thus each Mi is primary so this is a primary
decomposition

To prove a c we factor out M and assume
M D



w

a Suppose 0 f Mi is a primary decompositioni c

Then M µ MIMI is an injection

since m O s me Ami es m O

Thus Ass ME UAssMmi P Pu

b Now suppose that for each j Mi t 0
We want to show that each Pi c AsSM

Fix j and set A h M B Mj so An B O
i j

Then A aB fATBIB.FMB
M

Mj
Isomorphism
theorem

Mj is Pj primary so Mmg is Pj co primary
so A is as well since Assa 0

Thus Pj Assa EAssM

c Now suppose the decomposition is minimal
If Pi Pj Then MinMj is Pi primary
the Pi must be distinct D

Suppose M E M and M A Mi the minimal primary



decomp w Mi Pi primary If Pi is minimal
M

over Ann INY we can find Mi as follows

Chaim In the situation described above

Mi Kev Mmi Ym'D
i

PI Just as before assume M O Consider the

following commutative diagram

MP
T m

µ pi
M

M
µ

Ker M Mmi Mi so if we can show the two right
maps are injective we're done

Mi is Pi primary so Pi contains all the Zenodivisors on
MIMI So

4mi Mmi pi is an injection
For the other map note that

AMj O so 4 M toMlm is injectivej

Thus Mpi Marj pi is injective



For j ti Pj Pi by minimality Thus take

u e Pjlpi

Mj is Pj primary so some power of u annihilates
M
Mj so Mmg

p 0

Thus Mpi Mmi p is injective D

Primarydecompositionalization

Suppose we have a minimal primary decomposition

M Mi E M Pi cow primes

let HER multiplicative and reindex the Mi so
that P t are the Pi het meeting U

t
Chaim U M AU Mi is a minimal primaryi
decomposition

PI Again assume M O

First note that 0
i
U Mi since localization

commutes w finite intersections That is

suppose I eU Mi mugc U Mj s t



m mi E U Mi n U MjUj
Thin F V EU s t VUjmi VuimjEMinMogomi Wuji E U MinMjUi Vujui d

so U Mi U Mi 0

If Uh Po 0 then Ass U Mi Pi U R so

U Mi is Pi U R primary

If UMP t 0 then U Mmi O UMi U M

t

Thus 0 MU Mi and this is a primary decompi 1

Moreover U P U Pt are exactly the associated
primes of 4 M so this decomp is minimal D

Primarydecompositionothipalideals

We mentioned earlier that in 2 or in a PID more

generally we can decompose any ideal as the intersection

of ideals generatedby powers of primes We can

generalize this to certain principal ideals in integral
domains



Pep let R be a Noetherian integral domain If f ER
can be written f utTpf s t U is a unit and
The pi's are prime generating distinct ideals Ei O
Then f f pili is a minimal primary
decomposition of f

PI First we show pili is pi primary

Clearly a power of pi annihilates RKpiei

If r c R pi and rm C pili then since

pi is prime me Pie i e r is a NFD on Rfpiei

Thus pili is pi primary

Clearly f EA pili so we need to show the

reverse inclusion We'll prove by induction

let g u.ttpili Assume that g f piei 11

We need to show g h pi E f

let ve g h pi Then r gqE pie mtg so

pilot Repeating we get p.ec q re f D



Of course not all elements can be written as the

product of primes we will see an example on the

HW of a principal ideal whose associated primes
are not principal However in a UFD this always
works


